The column group is a subgroup of the symmetric group on the elements of a finite rack (or quandle) which is invariant under rack (or quandle) isomorphism. We use this group to define enhancements of the rack and quandle counting invariants which specialize to the standard counting invariants but contain more information in general.
Introduction
Quandle counting invariants are a family of computable knot and link invariants which generalize Fox tri-coloring. Specifically, every oriented link L has a knot quandle Q(L), defined by Joyce in [9] , which determines the knot type up to ambient homeomorphism. Quandles are algebraic objects whose axioms reflect the Reidemeister moves. From a knot or link diagram, we can obtain a presentation of the associated knot quandle; as with groups, however, it can be difficult to determine from presentations alone whether two knot quandles are isomorphic.
Given a finite quandle T , the number of homomorphisms |Hom(Q(L), T )| from the knot quandle Q(L) to T is a computable link invariant known as a quandle counting invariant; these invariants are also sometimes called quandle coloring invariants since each homomorphism f : Q(L) → T may be pictured as a coloring of a diagram of L by elements of T , i.e. an assignment of elements of T to each arc in L such that the quandle operation is respected at every crossing.
An enhancement of a quandle counting invariant uses invariants of quandle colored links or extra structure of the coloring quandle to refine and strengthen the basic counting invariant. Examples of enhancements of the basic quandle counting invariant include the CJKLS 2-cocycle invariants in [3] , the quandle polynomial invariants in [12] , the symplectic quandle invariant in [15] and more.
Racks generalize the quandle idea to framed knots and links. Specifically, every framed knot or link has a fundamental rack described by a presentation readable from a diagram of the framed knot or link in question. In [14] the counting invariants of the various possible framings of a knot or link with respect to a given finite target rack are combined to form a new invariant of unframed knots and links, well-defined up to ordering of the link components, which reduces to the quandle counting invariant when the coloring rack is a quandle. Enhancements of this rack-counting invariant have been defined, including rack homology invariants in [14] , Coxeter rack polynomials in [16] and rack polynomial invariants in [4] .
In this paper we introduce a group invariant of finite racks and quandles which we call the column group and use it to define a new family of enhancements of the basic rack and quandle counting invariants. The paper is organized as follows. In section 2 we review the basics of quandles, racks and their counting invariants. In section 3 we introduce the column group and use it to define enhancements of the counting invariants for quandles and racks. We provide examples illustrating how to compute the invariants and demonstrating that the new invariants are stronger than the unenhanced counting invariants. In section 4 we collect some questions for future research.
Quandles and racks

Quandles
We begin with a definition from [9] .
Definition 1 A quandle is a set Q equipped with two binary operations, , −1 : Q × Q → Q such that ∀ x, y, z ∈ Q, the following axioms hold:
We may observe that these axioms correspond to the three Reidemeister moves in knot theory by thinking of arcs of an oriented knot diagram as elements of a quandle. Here, an arc is defined to be a segment in a knot diagram from one overpass to another. We read x y as "x under y" from right to left when looking in the positive direction of the overcrossing strand, and x −1 y as "x under y" from left to right. Example 1 Any group G can be given a quandle structure by defining, ∀x, y ∈ G, x y = y −1 xy and x −1 y = yxy −1 . That is, conjugation in a group becomes the quandle operation. It is easy to check that this definition satisfies the quandle axioms. In fact, this example can be generalized: for n an integer, let x y = y −n xy n and x −1 y = y n xy −n . Then this definition satisfies the quandle axioms as well.
Example 2 Let G be a group and let s : G → G be an automorphism. Then defining, ∀x, y ∈ G, x y = s(xy −1 )y and x −1 y = s −1 (xy −1 )y also gives us a quandle structure on G, as described in [9] . Example 3 Every knot has an associated knot quandle, as defined in [9] . The elements of the knot quandle are equivalence classes of quandle words under the equivalence relation generated by the quandle axioms and the crossing relations. Consider an oriented knot diagram -for example, the trefoil knot 3 1 . The arcs of the knot diagram correspond to the generators of its knot quandle. We label the arcs a, b, c, etc.
In this case, we have three arcs, a, b, and c. At each crossing we read a relation. In this example,
Example 4 As another example, consider the figure 8 knot 4 1 , pictured below.
Once again, we label the arcs x, y, z, and w and compute the relations at each crossing. We have four relations: y = z x, y = x w, w = x z and w = z y.
As we may write y and w in terms of x and z, we see that only two of our four generators are necessary. Substituting relations, we achieve the presentation:
Definition 2 Given a finite quandle T = {x 1 , . . . , x n }, the quandle matrix of T , denoted M T , is the matrix with (i, j) entry equal to k where x k = x i x j . That is, M T is the operation table of T written without the xs.
Definition 3 Let Q, Q be quandles. A map f : Q → Q is defined to be a quandle homomorphism in the natural way, i.e. if ∀x, y ∈ Q, f (x y) = f (x) f (y). Let K be a knot and Q(K) its knot quandle. If there exists a homomorphism f :
The number of such homomorphisms, or colorings, which we denote |Hom(Q(K), T )|, is known as the quandle counting invariant of the knot K with respect to T .
Example 5
For example, consider the 3-element Latin quandle T , whose quandle matrix is given by:
The reader can verify that these are all the valid colorings of the trefoil by this quandle:
We shall define an enhancement of this invariant in the section 3.
Racks
Definition 4 A rack, as introduced in [6] , is a set R with two binary operations, , −1 : R×R → R which satisfy the second two quandle axioms, i.e. ∀ x,y, z ∈ R, we have:
Example 6 Every quandle is automatically a rack. In fact, the rack structure is a generalization of the quandle structure.
Example 7 Let R = {x 1 , x 2 , . . . , x n } be a finite set and let σ ∈ S n be a permutation on n elements. Then the constant action rack or permutation rack on R is defined by
For example, if we let n=4 and σ = (123), the operation table for this rack will be:
Notice that if a constant action rack is a quandle, then x x = x implies that σ(x) = x for every x ∈ R, i.e. σ is the trivial permutation and we obtain the trivial quandle of n elements.
Example 8 Another example is a reformulation of the (t, s)-rack given in [6] . Let G be an abelian group, and let s, t : G → G such that t is an automorphism of G and s is an endomorphism (i.e. t is necessarily bijective but s is not). Let 1 : G → G denote the identity map. Then if s, t satisfy the condition that s(t + s − 1) = 0, where 0 is the zero map, then G has a rack structure given by a b = ta + sb.
Example 9
The fundamental rack of a knot or link is constructed in the same way as the fundamental quandle as described above, except for the fact that x x = x does not necessarily hold as a relation in the presentation.
In [14] quandle counting invariants were extended to the case of racks. Every finite rack has a rack rank N (T ) equal to the exponent of the permutation given by the diagonal of the rack matrix. If two framings L 1 and L 2 of a link L are congruent modulo N (T ), then the sets of rack colorings of L 1 and L 2 are in bijective correspondence; moreover, the correspondence preserves the set of image subracks. Thus, we may regard the set of framings as W = (Z N (T ) ) n where n is the number of components of L; each w ∈ W is a framing vector whose ith component specifies the framing of the ith component of L mod N (T ). The polynomial rack counting invariant P R(L, T ) is defined as
where F R(L, w) is the fundamental rack of the link L with framing vector w.
Example 10 For an illustration of the rack counting invariant, consider the rack T whose operation table is given by the matrix: For simplicity, we will first consider the unknot. The permutation given by the diagonal of the rack matrix is (56), hence N (T ) = 2, so we must consider two framings for each component of the link in question. Since the unknot is a link with only one component, W = Z 2 , with two framings:
The first framing has only one arc, which we label x, so its fundamental rack F R(unknot, 0) = x , the free rack with one generator. As T has 6 elements and we may label x with any of them, |Hom(F R(unknot, 0), T )| = 6. The second framing also has one arc, but we additionally have the relation x x = x. Since our rack contains the 4 element Latin quandle R 4 as a subrack, there are 4 elements which satisfy this relation, and so |Hom(F R(unknot, 1), T )| = 4. Hence the polynomial rack counting invariant P R(unknot, T ) = 6 + 4q.
Now we consider the figure-8 knot 4 1 with two framings whose writhes differ mod 2:
A straightforward, if tedious, check of all possible colorings shows that the first framing has 18 colorings by T , while the second has 16, which means that P R(4 1 , T ) = 18 + 16q. Thus the rack counting invariant with respect to T detects the figure-8 knot.
The column group
We can now define the column group of a rack or quandle and use it to enhance the counting invariants.
Let T be a finite rack or quandle. The right-invertibilty of implies that the columns of a quandle matrix determine permutations in the symmetric group S n -for each x j ∈ T , define σ j : {1, 2, . . . , n} → {1, 2, . . . , n} by σ j (i) = k where x k = x i x j . Equivalently, the (i, j)-entry in M T is σ j (i). We will call σ j the column permutation of the element x j . If T is a quandle, then σ j has j as a fixed point; if T is a rack, then σ j may or may not not have fixed points.
Example 11
The table below lists a quandle matrix and a rack matrix with the column permutations of their elements. 
Definition 5
The column group CG(T ) of a finite quandle or rack T is the subgroup of S n generated by the elements σ j ∈ S n corresponding to the columns of the quandle or rack matrix M T . More generally, if S ⊂ T is a subrack then CG(S) is the subgroup of CG(T ) generated by the permutations corresponding to the columns of the elements of S.
Self-distributivity of says that the column group CG(T ) is a subgroup of the automorphism group Aut(T ) of T -indeed, we might call CG the inner automorphism group of T . The column group is also related to the operator group defined in [6] . In the case of biquandles and biracks, however, the columns need not be automorphisms, so for consistency with future work we prefer the term "column group." Proposition 1 If two finite racks T and T are isomorphic, then their column groups CG(T ) and CG(T ) are isomorphic.
Proof. We will show that CG(T ) and CG(T ) have presentations which differ only by relabeling.
Let φ : T → T be an isomorphism of racks. Then if T = {x 1 , . . . , x n } we have T = {φ(x 1 ), . . . , φ(x n )}. By definition, CG(T ) is generated by {σ 1 , . . . , σ n } and CG(T ) is generated by {σ φ(x1) , . . . , σ φ(xn) }.
It follows that for any relation σ
and the relation σ
A similar argument replacing φ with φ −1 shows that every relation satisfied in CG(T ) arises in this way. Thus, CG(T ) and CG(T ) have presentations which differ only by relabeling, and CG(T ) ∼ = CG(T ).
Note that, like quandle and rack polynomials, the column group of a subquandle or subrack carries information about how the subrack is embedded in the overall rack. In particular, isomorphic subracks need not have isomorphic column groups, as the next example illustrates. We can use the column group to define an enhancement of the quandle and rack counting invariants. We begin with the quandle case.
Definition 6 Let L be a link and T a finite quandle. The column group enhanced quandle counting invariant is
From φ CG we can recover the basic enhanced quandle counting invariant by specializing v = 1 and we can recover the unenhanced quandle counting invariant |Hom(Q(L), T )| by specializing u = v = 1.
That is, φ CG (L, T ) is the sum over the set Hom(Q(L), T ) of quandle colorings of L by T of terms recording the size of the image subquandle of f and the size of its column group. Including the column group information lets the new invariant distinguish between colorings with image subquandles which have the same cardinality but have different column groups.
Indeed, we can make the invariant even stronger, if perhaps more unwieldy, by taking as the invariant the multiset of ordered pairs
The polynomial version of the invariant is then obtained from the multiset by forgetting isomorphism types and keeping only cardinalities.
Example 13
The trefoil in example 5 has nine colorings by the 3-element Latin quandle T . Three of those colorings are by singleton subquandles and six are surjective. Each element of T has σ i a transposition, so the column groups of the constant colorings are copies of Z 2 , while the surjective colorings have column group generated by all three transpositions, i.e. isomorphic to S 3 . Thus, the quandle counting invariant value |Hom(Q(3 1 ), T )| = 9 with column group enhancement becomes φ cg (3 1 , T ) = 3uv 2 + 6u 3 v 6 .
We now consider the case of finite non-quandle racks.
Definition 7 Let L be an oriented link with n ≥ 1 ordered components and let T be a finite rack with rack rank N (T ). The column group enhanced rack counting invariant is
Note that when T is a quandle (and thus has rack rank 1), this reduces to our previous definition of φ cg , so we will use the same notation for both cases.
As before, we can define a multiset version of the invariant preserving maximal information by taking the multiset of ordered triples
Example 14 For a simple example let us compute the column group enhanced rack counting invariant of the Hopf link with respect to the rack T with matrix
The rack rank of T is 2, so we need to consider diagrams of the Hopf link with both even and odd writhes on each component. The column group of T is generated by σ 1 = σ 2 = (12).
x y
We can check which colorings are valid by brute force; the valid colorings as determined by our python code are listed in the table.
The rack counting invariant is thus P R(L, T ) = 5 + 3q 1 + 3q 2 + 5q 1 q 2 . The column group enhancement information further distinguishes these colorings -the image subracks of colorings include {1, 2}, {3} and {1, 2, 3} with corresponding column groups Z 2 , {0} and Z 2 respectively. Thus, the column group enhanced rack counting invariant is
We note that this invariant distinguishes the Hopf link from the unlink of two components which has invariant value
though both links have simple rack counting invariant (i.e., total number of colorings over framings in W) value 16 with respect to T .
Our next example shows that the column-group enhanced counting invariants are strictly stronger than the unenhanced counting invariants.
Example 15 Let T be the 27-element conjugation quandle on the conjugation classes of (13)(56) and (15643) in S 6 . Our python computations say that both the trefoil 3 1 and the figure eight 4 1 have quandle counting invariant value |Hom(3 1 , T )| = |Hom(4 1 , T )| = 147; however, the column group enhancement reveals distinct values. 7 9 8 25 13 14 9 9 11 26 13 7 27 26 13 7 2 7 12 14 7 25 11 14 9 10 11 10 8 7 11 26 13 11 25 10 12 12 27 8 25 14 8 8 12 13 8 2 13 26 25 13 9 13 13 13 13 8 9 11 7 10 8 27 11 26 25 2 7 11 10 14 8 12 9 10 7 27
Questions
In this section we collect questions for future research.
What kinds of groups can arise as column groups of a finite rack or quandle? That is, given a finite group, can one construct a rack or quandle with the specified column group? What is the relationship between the column group and quandle/rack polynomials?
A constant action rack always has a cyclic column group; what can one say about the column groups of specific types of racks and quandles such as involutory, conjugation, symplectic, Coxeter or Alexander quandles and racks?
In [9] , a construction is given which expresses any quandle in terms of a quandle structure on right cosets of the automorphism group of the original quandle; is a similar construction possible starting with the column group? What is the correct generalization of the column group to infinite quandles?
In future paper we will generalize the results from this paper to the case of biquandles and biracks as defined in [7, 5, 10, 11] . Our python code for computing the invariants defined in this paper is available at the second listed author's website, www.esotericka.org.
